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Abstract. Symmetries in quantum mechanics are realized by the projective 
representations of the Lie group as physical states are defined only up to a 
phase. A cornerstone theorem shows that these representations are equiva- 
lent to the unitary representations of the central extension of the group. The 
formulation of the inertial states of special relativistic quantum mechanics as 
the projective representations of the inhomogeneous Lorentz group, and its 
nonrelativistic limit in terms of the Galilei group, are fundamental examples. 
Interestingly, neither of these symmetries includes the Weyl-Heisenberg group; 
the hermitian representations of its algebra are the Heisenberg commutation 
relations that are a foundation of quantum mechanics. The Weyl-Heisenberg 
group is a one dimensional central extension of the abelian group and its uni- 
tary representations are therefore a particular projective representation of the 
abelian group of translations on phase space. A theorem involving the auto- 
morphism group shows that the maximal symmetry that leaves invariant the 
Heisenberg commutation relations are essentially projective representations of 
the inhomogeneous symplectic group. In the nonrelativistic domain, we must 
also have invariance of Newtonian time. This reduces the symmetry group 
to the inhomogeneous Hamilton group that is a local noninertial symmetry of 
Hamilton's equations. The projective representations of these groups are cal- 
culated using the Mackey theorems for the general case of a nonabelian normal 
subgroup. 



1. Introduction 

Projective representations are required in quantum mechanics as the physical 
states in quantum mechanics are rays. A ray is an equivalence class of states in a 
Hilbert space that are defined up to a phase. A cornerstone theorem states that any 
projective representation of a Lie group is equivalent to the unitary representations 
of the central extension of the group. The central extension of a connected^ group 
is unique and simply connected. Levi's theorem states that every simply connected 
Lie group is equivalent to the semidirect product of a semi-simple group and a solv- 
able normal group PQ. Mackey 's theorems provide the method of determining the 
unitary irreducible representations of a general class of semidirect product groups 
[2] • We review in Section 2 these theorems that are fundamental to the application 
of symmetry groups in quantum mechanics and enable us to compute the projective 
representations of a very general class of connected Lie groups. 
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1 Connected means that all elements of the group are path connected to the identity 
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The inertial states of special relativistic quantum mechanics are given by the pro- 
jective representations of the inhomogeneous Lorentz group [3], [4]. The inhomoge- 
neous connected Lorentz group is the semidirect product, IC(1, n) c~ C(l, n)(x) s A(n) 
where A(n) ~ (R n , +) is the solvable abelian normal subgroup and the connected 
semisimple group is Its central extension, denoted by the inverted caret, 

does not have an algebraic extension and is therefore equal to its universal cover, 
denoted by a bar, 2X(l,n) ~ TC(l,n). For n = 3, this is the Poincare group 
Z£(l, 3) ~ SC(2, C) ® s A(4) where Z(l, 3) ~ SC(2, cfl 

This is a truly remarkable and beautiful application of symmetry in physics. 
Starting simply with the inhomogeneous Lorentz symmetry of special relativity and 
the quantum mechanical condition that physical states are rays in a Hilbert space, 
the general group theory theorems result in the Hilbert spaces of the irreducible 
representations of the inertial states of special relativistic quantum mechanics la- 
beled by the eigenvalues of the hermitian representation of the Casimir operators. 
For massive states, these eigenvalues are mass and spin where spin takes on in- 
tegral and half integral values. The half integral values associated with fermions 
are a consequence of the central extension that is the Poincare group. The central 
extension is a direct consequence of physical states being rays that are equivalence 
classes of states in a Hilbert space related by a quantum phase. Thus the quantum 
phase leads directly to the existence of fermion states. 

However, there is no mention of the Weyl-Heisenberg group; the Heisenberg com- 
mutation relations, that are fundamental to quantum mechanics, are the hermitian 
representation of the algebra for the unitary representations of the Weyl-Heisenberg 
group. 

This is not a a consequence of special relativity as the Weyl-Heisenberg group 
does not appear in the nonrelativistic formulation either. The non-relativistic 
Inonu-Wigner contraction of the inhomogeneous Lorentz group is given by the in- 
homogeneous Euclidean group I£(n) ~ £ (n) (x) s A(n + 1). £(n) is the homogeneous 
group, £(n) ~ SO(n) (x) s A(n), that is the non-relativistic limit of C(l,n) and is 
parameterized by rotations and velocity [7]. The central extension of I£(n) admits 
a one parameter algebraic extension, the generator of which is mass. This algebraic 
central extension defines the Galilei group Qa (n) whose cover is the full central 
extension, I£(n) ~ Qa(n) ~ £(n)® s A(n + 2) [Z],!!]. In this case, the group theory 
results in representations that include inertial states with nonzero mass and energy 
with momentum diagonal that are elements of a Hilbert space of square integrable 
functions over R n . (For n = 3, this is the usual 3-momentum.) Again, there is no 
mention of the Weyl-Heisenberg group. 

Let us put aside these relativistic considerations for a moment and instead con- 
sider a phase space P that has a symplectic 2-form u) with a symmetry group Sp(2n). 
The elements of the group may depend on the location in phase space and therefore 



C(l,n) is the connected component of 0(1, n). 
^We note as a case where the symmetry group is not connected that this may be extended 
to the groups XO(l,n) and XSO(l,n) that have the discrete symmetries parity-time-reversal, 
(1,P, T, PT) and (1,PT) respectively where P is parity and T is time-reversal. These groups are 
not connected and have 2 and 4 components respectively. While the central extension of a group 
that is not connected is not necessarily unique, it turns out that, for 150(1, ra) it is unique and 
is given in terms of the Spin(n) group that is the unique cover of S0(l,n). On the other hand, 
0(1, n) has 8 non- isomorphic covers that include the Vin-{X,n] group. [5], [6] 
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the symmetry is local. Diffeomorphisms <fr : P — » P that leave invariant the symplec- 
tic metric, 4>*(u) = u>, are the usual position-momentum canonical transformations 
of classical mechanics. Locally, the Jacobian of the diffcomorphsims must be an 
element of the symplectic group. If P ~ K 2 ™, then there is also a translational 
symmetry and the symmetry group is XSp(2n) ~ Sp(2n) (x) s A(2n). 

Consider the projective representations of XSp(2n) that by the fundamental the- 
orem, are the unitary representations of its central extension, XSp(2n) ~ Sp(2n)® s 
H(n). The Weyl-Heisenberg group H(n) is a one parameter central extension of 
the abelian group A(2n). This is the Weyl-Heisenberg group for which the commu- 
tators of the hermitian representation of the algebra are precisely the Heisenberg 
momentum-position commutation relations. It is a direct consequence of the phys- 
ical states being rays that are equivalence classes of states in the Hilbert phase up 
to a phase that this noncommutative structure arise 

If one instead were to consider the projective representation of the abelian 
group by itself, then the central extension A(2n) is required. This central ex- 
tension is in general n(2n — 1) dimensional. It is the presence of the symplec- 
tic homogeneous group that constrains it to precisely the Weyl-Heisenberg group. 
In fact, an automorphism theorem (Theorem 5) that we will review in the next 
section, constrains a semidirect product with l~L(n) as a normal subgroup to be 
a group homomorphic to a subgroup of the automorphism group of the Weyl- 
Heisenberg group. The connected component of the automorphism group is just the 
inhomogeneous symplectic group with an addition conformal multiplicative term, 
Aututn) — 'DSp(2n) where T>Sp(2n) ~ T> (x) s XSp(2n) and T> ~ (K + , x). One can 
show that VSp(2n) ~ T> (x) s ISp(2n) and therefore it is the symplectic group that 
constrains the central extension to be the Weyl-Heisenberg group. Furthermore, 
this is the maximal group that leads to the Wey-Heisenberg group as a result of a 
central extension. 

The above considerations also apply to extended phase space with the addition 
of time and energy degrees of freedom. This results in a symplectic 2-form that 
may be put in the form 

w = Ca,pdz a dz^ = 5i t jdp l a dq> + dt a de. 

As there is no relativistic line element to distinguish time, this is just a symplectic 
manifold with an additional two degrees of freedom. If P ~ R 2n+2 , the symmetry is 
now XSp(2n + 2). The maximal symmetry for which the central extension results 
in the Weyl-Heisenberg group is T>Sp(2n + 2) with T>Sp{2n + 2) ~ T> (x) s Sp(2n + 
2) ® s 7i(n + 1). The hermitian representations of the algebra now, at least formally, 
include the time, energy commutation relations. 

We now have the situation where we have a symmetry group whose projective 
representations result in a Weyl-Heisenberg group that gives us the Heisenberg 
commutation relations. But as mentioned, we do not have a relativistic line element 
to define invariant time. For special relativity, this is just the Minkowski line 
element left invariant by the Lorentz group. In the nonrelativistic limit, it reduces 
to Newtonian time 

dr 2 = dt 2 - \dq 2 dt 2 

C C— >QC 



Note the quote from Dirac at the beginning of the Discussion section. 
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The invariance group for dt 2 on an m dimensional space is the aifine group 
igC{m - 1,R) 

mathrmciteGlimoTe2. If one also requires length to be invariant, it reduces to 
the inhomogeneous Euclidean group T£(m) that is the nonrelativistic limit of the 
inhomogeneous Lorentz group discussed above. 

In this paper, we are going to focus on the nonrelativistic case, for which dt 2 is 
invariant, along with the maximal invariance group for the Heisenberg commutation 
relational The intersection of the affine group and the homogeneous group T> (x) s 
Sp(2n + 2) is the group TLSp(2n) ~ Sp(2n) (x) s H(n). This group is acting on the 
tangent space and this Weyl-Heisenberg group is parameterized by force, velocity 
and power. To understand more clearly the meaning of this symmetry, consider 
diffeomorphisms (f> : P — > P that leave both w and dt 2 invariant: 4>*(uj) = ui and 
<p*(dt 2 ) = dt 2 . Then the Jacobian of this diffcomorphism must be an element 
of %Sp(2n). The semidirect group properties imply that the diffeomorphism 
can be written as (j> = ip o tp where both ip and (p are diffeomorphisms. The 
Jacobian of (p. take their values in Sp(2n) and are therefore just the usual canonical 
transformations. The Jacobian of ip take their values in %(n) (that is parameterized 
by force, velocity and power) and this can be shown to be equivalent to Hamilton's 
equations [llj. In fact, 1-lSp(2n) is the maximal local symmetry of Hamilton's 
equations. Requiring also invariance of length reduces the HSp(2n) to the Hamilton 
group that is defined to be Ha(n) o± SO(n) ® s %{n). 

The projective representations of THSp(2n) ~ HSp(2n) (x) A(2n + 2) are the 
unitary representations of its central extension 

lHSp(2n) ~ HSp(2n) ® s H(n + 1) ~ &p(2n) ® s U{n) ® s H(n + 1) 

The hermitian representation of the algebra of T-L{n + 1) are the Heisenberg 
commutation relations. The group T-L(n), on the other hand, is parameterized by 
force, velocity and power and acts, along with Sp(2n), on the tangent or cotangent 
space of P. 

The projective representations of THa(n) ~ %a(n) (x) A(2n + 2) are also the 
unitary representations of its central extension that we will show is 

lUa(n) ~ Wi(n) ® s H(n + 1) ~ SO(n) ® s H(n) ® s (H(n + 1) ®^4(2)) 

The above comments on T-L(n) and TL(n + 1) apply here also. The group Qa{n) 
is an inertial subgroup oiXT-La(n). This group has both the symmetry of Galilean 
relativity as its inertial special case and the Weyl-Heisenberg group that leads to 
the Heisenberg commutation relations. 

The outline of the paper is as follows. Section two presents the mathematical 
framework that provides the theorems that enable the projective representations of 
a very general class of connected Lie groups to be determined in a fully tractable 
manner. These theorems are fundamental to symmetry in quantum mechanics as 
physical states are rays in a Hilbert space and therefore require projective repre- 
sentations 

Section 3 studies the central extension of the inhomogeneous Hamilton group. 
The Hamilton group is of interest as it is a symmetry of the classical nonrelativistic 
Hamilton's equations from which it derives its name. This local symmetry is valid 
for both inertial and noninertial states. The Euclidean subgroup parameterized by 



'Comments on the relativistic case are given in the Discusssion section. 
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rotations and velocity is the inertial subgroup. The projective representations of 
the inhomogeneous Euclidean subgroup result in the inertial states of nonrelativistic 
quantum mechanics. This motivates the study of the projective representations of 
the inhomogeneous Hamilton group for the more general noninertial states. 

Section 4 of this paper studies the projective representations of the inhomoge- 
neous Hamilton group, I~Ha(n) as a global symmetry. This requires us to use the 
full power of the theorems of Section 2, including the nonabelian normal subgroup 
case of the Mackey theorems. As preliminary steps we use the theorems to compute 
the representations of the Weyl-Heisenberg group and the Hamilton group as these 
are required in the full result. As the theorems are required in their general form, 
these calculations are illustrative of how the projective representations of a general 
class of groups can be computed. The physical application of these representations 
are then discussed. 

2. Mathematical framework 

In this section we review a set of theorems that enable us to compute the pro- 
jective representations for a general class of connected Lie groups. We refer to the 
cited literature for full proofs as several of the theorems are deep. Our purpose 
here is to assemble the theorems in a form that, when applied together, provide us 
with tractable tools to compute this general class of representations that includes 
the much studied unitarjQ and inhomogeneous Lorentz group cases. These are fun- 
damental theorems on the application of symmetry groups in quantum mechanics. 

Our notation for a semidirect product is Q ~ AC ® s Af where Af is the normal 
subgroup and K, is the homogeneous subgroup such that AC n Af = e and Q ~ A/7cQ. 
A semidirect product is right associative in the sense that T) ~ [A® S B)® S C implies 
that V ~ A® s (B® S C) and so brackets can be removed. However T> ~ A® s {B® S C) 
does not necessarily imply T> ~ {A® s B) ® s C as B is not necessarily a normal 
subgroup of A. 

Definition 1. An algebraic central extension of a Lie algebra g is the Lie algebra 
g that satisfies the following short exact sequence where z is the maximal abelian 
algebra that is central in g, 

O^z^g^g^O. (1) 

where is the trivial algebra. Suppose {X a } is a basis of the Lie algebra g with 
commutation relations [A a ,Ab] = c c ab X c , a,b = 1, ...r. Then an algebraic central 
extension is a maximal set of central abelian generators {^4 a }> where a,/3, ... = 
1, ..m, such that 

[A*, Ap] = 0, [X a ,A a ] = 0, [X a , X b ] = c c aib X c + cl b A a (2) 

The basis {X a ,A a } of the centrally extended Lie algebra must also satisfy the 
Jacobi identities. The Jacobi identities constrain the admissible central extensions 

^iSW(n) ~ SU(n) and is semisimple so the theorems are trivial in this case. XC(X,n") has an 
abelian normal subgroup for which the theorems simplify. As these are the most studied groups 
in physics, these more general theorems generally have not received the attention they deserve as 
the key theorems of symmetry in quantum mechanics 

''The notation for a semidirect product varies with many authors placing the normal subgroup 
on the left and the reader should be sure to check conventions. Note that the semidirect product 
differs from a direct product in that multiplication of the normal group from the right is Q ~ 
(qj^fK.)N where ? h : Q — » Q : g t—> hgh -1 , h e Af. 
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of the algebra. The choice X a i— > X a + A a will always satisfy these relations and 
this trivial case is exclude. The algebra g constructed in this manner is equivalent 
to the central extension of g given in Definition 1. 

Definition 2. The central extension of a connected Lie group Q is the Lie group 
Q that satisfies the following short exact sequence where Z is a maximal abelian 
group that is central in Q 

e^Z^G^g^e. (3) 

The abelian group Z may always be written as the direct product Z ~ A(m)(x)A 
of a connected continuous abelian Lie group A(m) ~ (M. m , +) and a discrete abelian 
group A that may have a finite or countable dimension |12|.|13]. 

The exact sequence may be decomposed into an exact sequence for the topological 
central extension and the algebraic central extension, 

e^A^g^g^e, e^A(m)^g^g^e. (4) 

where ir = ir° o tt. The first exact sequence defines the universal cover where 
A ~ ker tt° is the fundamental homotopy group. All of the groups is in the second 
sequence are simply connected and therefore may be defined by the exponential 
map of the central extension of the algebra given by Definition 1. In other words, 
the full central extension may be computed by determining the universal covering 
group of the algebraic central extension. 

A ray VP is the equivalence class of states in a Hilbert space H up to a phase, 

q> = { e iu \ip) |w e R} , e H (5) 

Note that the physical quantities that are the square of the modulus depend only 
on the ray 

I (*/3,*a) | 2 = K^IV'a)! 2 

for all \ip 7 ) e 

Definition 3. A projective representation g of a symmetry group g is the max- 
imal representation such that for |^ 7 ) = Q{g)\ip 1 ) 1 the modulus is invariant 

|<Wa>| a = K^IV-a)! 2 for all |^ 7 >, \^) e 

Theorem 1. (Wigner, Weinberg) Any projective representation of a Lie sym- 
metry group g on a separable Hilbert space is equivalent to a representation that 
is either linear and unitary or anti-linear and anti-unitary. Furthermore, if g is 
connected, the projective representations are equivalent to a representation that is 
linear and unitary [14|,[4j. 

This is the generalization of the well known theorem that the ordinary represen- 
tation of any compact group is equivalent to a representation that is unitary. For 
a projective representation, the phase degrees of freedom of the central extension 
enables the equivalent linear unitary or antilinear antiunitary representation to be 
constructed for this much more general class of Lie groups that admit representa- 
tions on separable Hilbert spaces. (A proof of the theorem is given in Appendix 
A of Chapter 2 of [5]). The groups that this theorem applies to include the non- 
compact inhomogeneous Euclidean, Lorentz, Hamilton or unitary groups that are 
studied in this paper. 
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Theorem 2. (Bargmann, Mackey) The projective representations of a con- 
nected Lie group Q are equivalent to the ordinary unitary representations of its 
central extension Q [T2],|13J. 

Theorem 1 states that are all projective representations are equivalent to a pro- 
jective representation that is unitary. A phase is the unitary representation of a 
central abelian subgroup. Therefore, the maximal representation is given in terms 
of the central extension of the group. Appendix A shows how this definition is 
equivalent to the formulation of a projective representation as an ordinary unitary 
representation that is defined up to a phase, 0(7') 0(7) = e ie g(7'7)[l_2j,[13j. 

Theorem 3. Let Q ,% be Lie groups and tt : Q — > T~L be a homomorphism. Then, for 
every unitary representation gofH there exists a degenerate unitary representation 
Q of Q defined by g = qott. Conversely, for every degenerate unitary representation 
of a Lie group Q there exists a Lie subgroup % and a homomporphism tt : Q — » % 
where ker(Tr) ^ e such that g = g o tt where g is a unitary representation of %. 

Noting that a representation is a homomorphism, This theorem follows straight- 
forwardly from the properties of homomorphisms. As a consequence, the set of de- 
generate representations of a group is characterized by its set of normal subgroups. 
A faithful representation is the case that the representation is an isomorphism. 

Theorem 4. (Levi) Any simply connected Lie group is equivalent to the semidirect 
product of a semisimple group and and a maximal solvable normal subgroup [T] . 

As the central extension of any connected group is simply connected, the problem 
of computing the projective representations of a group always can be reduced to 
computing the unitary irreducible representations of a semidirect product group 
with a semisimple homogeneous group and a solvable normal subgroup. The unitary 
irreducible representations of the semisimple groups are known and the solvable 
groups that we are interested in turn out to be the semidirect product of abelian 
groups. 

Theorem 5. Any semidirect product group Q ~ IC ® s Af is a subgroup of a group 
homomorphic to the group of automorphisms of the normal subgroup, Q cz Aut_\f 
&■ 

This theorem places constraints on the admissible semidirect product groups 
that have a given normal subgroup. For example, the automorphism group of the 
abelian group is 

Aut A(m) ~Z 2 ® S V ® s gZ(m, R) ® s A{m) , V ~ (R+ , x ) , (6) 

whereas the automorphism group of the Weyl-Heisenberg group H(m) is |15j.[16] 

Aut H(m) ~1 2 ® S V ® s 5^(2m) ® s H(m). (7) 

This means that there does not exist a semidirect product of the form SO(2m)® s 
H(m) as SO(2m) is not a subgroup of Sp(2m). On the other hand, the semidirect 
product T-La{n) = SO(m) (x) s H(m) is admissible as SO(m) c Sp(2m). 

2.1. Mackey theorems for the representations of semidirect product groups 

The Mackey theorems are valid for a general class of topological groups but we will 
only require the more restricted case Q ~ JC ® s N where the group Q and subgroups 
K,N are smooth Lie groups. The central extension of any connected Lie group 
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is simply connected and therefore generally has the form of a semidirect product 
due to Theorem 3 (Levijl. Theorem 5 further constrains the possible homogeneous 
groups K, of the semidirect product given the normal subgroup Af. 

The first Mackey theorem is the induced representation theorem that gives a 
method of constructing a unitary representation of a group (that is not necessarily 
a semidirect product group) from a unitary representation of a closed subgroup. 
The second theorem gives a construction of certain representations of a certain 
subgroup of a semidirect product group from which the complete set of unitary 
irreducible representations of the group can be induced. This theorem is valid 
for the general case where the normal subgroup Af is a nonabelian group. In the 
special case where the normal subgroup Af is abelian, the theorem may be stated 
in a simpler form. 

Theorem 6. (Mackey) Induced representation theorem. Suppose that Q is 
a Lie group and H is a Lie subgroup, % a Q such that K ~ Q /TL is a homogeneous 
space with a natural projection ir : Q — > IK, an invariant measure and a canonical 
section : IK — » Q : k i— > g such that ir o 0=Id]K where Idg is the identity map on 
K. Let p be a unitary representation of % on the Hilbert space H p : 

p(h):HP^H>':\<p)~\(p) = p(h)\<p), heH. 

Then a unitary representation g of a Lie group Q on the Hilbert space H e . 



g(g) : H e : \i>) - ^ = g(g) \i>) , ge g, 

may be induced from the representation p of % by defining 

#(k) = (g(g)^) (k) = pig'Wlg- 1 *), 9° = e(k)- 1 5 9( ff - 1 k) (8) 

where the Hilbert space on which the induced representation g acts is given by H e ~ 
L 2 (K,fP) 0, H. 

The proof is straightforward given that the section <d exists by showing first that 
g° e ker(7r) ~ H and therefore p(g°) is well defined. 

Definition 4. (Little groups) Let Q = JC ® s N be a semidirect product. Let 
[£] e U^f where U^f denotes the unitary dual whose elements are equivalence 
classes of unitary representations of Af on a Hilbert space H c . Let p be a unitary 
representation of a subgroup Q° = K,° ® s Af on the Hilbert space such that 
P\N = £■ The little groups are the set of maximal subgroups JC° such that p exists 
on the corresponding stabilizer Q° ~ /C° ® s Af and satisfies the fixed point equation 

? P (k)[t] = m,ke}C a - (9) 
In this definition the dual automorphism is defined by 

(W)£) ( h ) = pisMQptor 1 = pighg- 1 ) = £M) (io) 

for all g e Q° and h £ Af. The equivalence classes of the unitary representations of 
Af are defined by 

K] = fe)^eJV}. (11) 

A group Q may have multiple little groups JC° a whose intersection is the identity 
element only. We will generally leave the label a implicit. 



8 The semisimple or solvable group may be trivial in which case the semidirect product is trivial 
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Theorem 7. (Mackey) Unitary irreducible representations of semidirect 
products. Suppose that we have a semidirect product Lie group Q ~ K. (x) s N , 
where K.,J\f are Lie subgroups. Let £ be the unitary irreducible representation of TV 
on the Hilbert space H^. Let Q° ~ K,° (x) s Af be a maximal stabilizer on which there 
exists a representation p on such that p\^f = £. Let a be a unitary irreducible 
representation of K,° on the Hilbert space H a . Define the representation g° = a ® p 
that acts on the Hilbert space H e ~ H CT (x) H^. Determine the complete set of 
stabilizers and representations p and little groups that satisfy these properties, that 
we label by a,{(Q°, p°,H e ) }. If for some member of this set Q° ~ Q then for this 
case the representations are (Q, g,H e )~(Q° . g° ,H e ). For the cases where the 
stabilizer Q° is a proper subgroup of Q then the unitary irreducible representations 
(£/, g, H e ) are the representations induced (using Theorem 6) by the representations 
(G c \ Q c ,H ) of the stabilizer subgroup. The complete set of unitary irreducible 
representations is the union of the representations vj a {(Q, g, H e ) Q } over the set of 
all the stabilizers and corresponding little groups [2]. 

This major result and its proof are due to Mackey [5J. Our focus in this paper 
is on applying this theorem. 



2.1.1. Abelian normal subgroup. The theorem simplifies for special cases where the 
normal subgroup M is an abelian group, J\f ~ A(n). From Theorem 5, a semidirect 
product with A(n) as a normal subgroup is a subgroup of a homomorphism of the 
automorphism group (6). 

An abelian group has the property that its unitary irreducible representations £ 
are the characters acting on the Hilbert space IT ~ C, 

Z(a)\<t>) = e ia - V \<f>), a,veR n . (12) 

The unitary irreducible representations are labeled by the Vi that are the eigen- 
values of the hermitian representation of the basis {Ai} of the abelian Lie algebra, 



A i \4>) = i'(A i )\4>) = y i \4>). (13) 

The equivalence classes [£] e U^n) each have a single element [£] ~ £ as, for the 
abelian group, the expression (11) is trivial. The representations p act on ~ C 
and are one dimensional and therefore must commute with the £. Therefore, in 
equation (10), p(g)£,(h)p(g)~ 1 = £(h) and (9) simplifies to 

£( ffl ) = £( Cfca ) = Zikak- 1 )^ e A{m), k e K°. (14) 

Theorem 8. (Mackey) Unitary irreducible representations of a semidirect 
product with an abelian normal subgroup. Suppose that we have a semidirect 
product group Q ~ K, (x) s A where A is abelian. Let £ be the unitary irreducible 
representation (that are the characters) of A on ~ C. Let JC° Q K. be a Little 
group defined by (14) with the corresponding stabilizers Q° ~ fC° ® s A. Let a be 
the unitary irreducible representations of Kf on the Hilbert space H°\ Define the 
representation g° = a (x) £ of the stabilizer that acts on the Hilbert space H e ~ 
H a (x) C. The theorem then proceeds as in the case of the general Theorem 7. 
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3. The central extension of the inhomogeneous Hamilton group 

Consider a 2n + 2 dimensional extended phase space manifold P ~ R 2n+2 with 
coordinates (g l ,p l ,t,e), i,j, ... = 1, ...,n, that respectively are interpreted as posi- 
tion, momentum, time and energy degrees of freedom. Assume that these are global 
canonical coordinates in which a symplectic two form is uj = -de Adt + Sijdp 2 a dq l 
and the invariant Newtonian time element is dt 2 . HSp(2n) = Sp(2n) ® s Ti(n + 1) 
is the connected symmetry group that leaves both tu and dt 2 invariant. That 
is, a diffeomorphism ip : P — » P for which the pullbacks satisfy <p*(co) = oj and 
tp*(dt 2 ) = dt 2 have Jacobians that are elements of the local symmetry group 
T-LSp(2n). This can be shown to be equivalent to the diffeomorphisms satisfying 
Hamilton's equations [11]. The subgroup of TLSp(2n) that leaves invariant both 
dq 2 and dp 2 is the Hamilton group, 

Ha(n) ~ SO{n) ® s H(n). (15) 

The Weyl-Heisenberg group is the semidirect product of two abelian groups, 

H(n) ~A(n)® s A(n + l), (16) 

that is a simply connected solvable group. In this case, it is parameterized by ve- 
locity v, force / and power r. It is a one parameter central extension of _4(2n]j. As 
the extended phase space is P ~ E 2ti+2 , it is also invariant under the abelian trans- 
lation group A(2n + 2). The full symmetry group is the inhomogeneous Hamilton 
group 

XHa(n) ~ Ua(n) ® s A(2n + 2). (17) 

The projective representations of the inhomogeneous Hamilton group are given 
by the unitary representations of its central extension. The central extension has 
been determined in [TB] to be I%a(n) ~ QWa(n) where QT-La{n) is the quantum 
mechanical Hamilton group that is defined to be the 3 parameter algebraic central 
extension of I'Ha(n) 1 

QUa(n)= Ua{n) ® s (U{n + 1) ® A{2)) . (18) 

In this semidirect product form, the homogeneous group K, is the Hamilton group 
and the normal subgroup is the solvable group M ~ H(n + 1) (x) .4(2). We will 
see shortly that the hermitian representation of the algebra corresponding to the 
unitary representations of the Weyl-Heisenberg subgroup %(n + 1) are precisely 
the Heisenberg commutation relations for momentum and position and energy and 
time. Expanding the Hamilton group with (15) and using the right associativity 
of the semidirect product, the full central extension may be written as 



lUa(n) =! QUain) ~ SO{n) ® s U{n) ® s {U{n + 1)0 A{2)) . (19) 

This satisfies Levi's Theorem 4 where the simply connected semisimple group is 
K, ~ SO {n) and the simply connected maximal solvable normal subgroup is Af ^ 
H(n) ® s (H(n + 1)®A(2)). 

QUain) is a matrix group with elements realized by the matrix given in Appen- 
dix B (120). Using that parameterization, the group product for elements T may 



^This is not the most general central extension of A(2n). The most general extension is 
n(2n — 1) dimensional. 
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be written as 

T(R",v",f",r",q",t",p",e",c",s",u") 

= r(R', v', f, r', q', t',p', e>, l', a', u')T{R, v, f, r, q, t,p, e, l, s, u), ( ' 

where v, f,p,q e K™ and r, t, e, t,s,u € R, and R 6 5C(n) is an n x n real matrix 
and3 

R" = R'R, v" =v' + R'v, r" = r' +r + v' ■ R'f - f ■ R'v, 

t" = t' + 1, f" = f' + R'f, e" = e' + e + v' ■ R'p - f ■ R'q + r% 

q" = q' + R'q + v % s" = s + s' + v' ■ R'q + \t v' 2 , 
p" = p ' + R'p + f% u" = u + u' + f ■ R'p + \t f' 2 , 
L " = i + t' + I ((e' + q'-f'-p'-v'- r'f ) t - et' 
- (P' ~ t'f) ■ R'q + (q' - t'v') ■ R'p) . 

The inverse elements of the group are 

r~ x (R, v, f, r, q, t,p, e, l, s, u) = T(R', v' , f, r', q', t',p', s', l' , s', u') (21) 

where 

R' = R -1 , f = -t, e' = -e + vp- f -q + rt, 

v' = -R _1 w, q' = -R -1 <? + tR _1 w, s' = -s + v ■ q - \tv 2 , 

f' = -R~ l f, p' = -R-ip + iR-i/, u > = - u + f.p-l t f 2 , 
l' = —i, r' = —r. 

Consider the semidirect product form given in (18). The elements of the subgroups 



are 



N(q,t,p,e, l,s,u) = r(l,0,0,0,q,t,p,e,L,s,u) e M ~ H(n + 1)®A(2), 
K(R, v, f, r) = T{R, v, f, r, 0, 0, 0, 0, 0, 0, 0) e K ^ Ha(n), 

(22) 



and 



T(q,t,p,e,L) - N(q,t,p,e,L,0,0) e H(n + 1), 
R K(R, 0, 0, 0) e SO(n), 

A(s, u) ~ N(0, 0, 0, 0, 0, s, u) e A(2), [ 6) 

f(v,f,r)^K(l,v,f,r)eH(n). 

The group products and inverses for these subgroups follow directly from (20) and 
(21). The properties of the semidirect product then implies that 

T(R,v, q,t,p,e,L,s,u) = N(q, t,p, e, l, s, u)K(R, v) 

= T(q,t,p,e,i)A( S ,u)f(v,f,r)R. { > 

This can be verified explicitly using the group product (20). 



10 The dot denotes the inner product a ■ b — a' b — &i^a l W . The t denotes transpose for the 
matrix notation. Matrix multiplication is implicit. 
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3.1. Lie algebra of QHa{n). A general element of the algebra of QHa(n) may be 
written as 

Z = a h3 J^+v i G i +fF 2 +rR+^ (q l P t + tE + p l Q t + eT) +sM + uA + lI . 

(25) 

The a 1 '! are the n(n — l)/2 dimensionless rotation angles, v % has dimensions of 
velocity, f l force, r power, q % position, t time, p 1 momentum and e has dimensions 
of energy. Next, consider the parameters of the central extension. The parameter s 
has dimensions of mass -1 , u has dimensions of tension and i is dimensionless. (K is 
Planck's constant with the dimensions of action.) The generators have dimensions 
so that a general element Z is dimensionless. That is, J^j is dimensionless, Gi, Fi, R 
have dimensions of velocity -1 , force -1 and power -1 respectively and Pi, E,Qi,T 
have dimensions of momentum, energy, position and time respectively. The cen- 
tral generators M, A have of dimensions of mass and reciprocal tension and I is 
dimensionless. 

The algebra of the Hamilton group is Qj5] : 

[Ji,j,Jkd] = $i,lJj,k +6j,kJi,l — $j,lJi,k — $i,kJj,l, [Gi,F k ] = 6i jk R, ^g) 

[Ji,j, Gk] = Sj^Gi — S^kGj, [Ji,j, Fk] = Sj^Fi — Si^Fj. 

The inhomogeneous Hamilton group XH.a(n) requires the additional nonzero com- 
mutation relations: 

[Ji,j,Qk] = $j,kQi — $i,kQj, [Gi,Qk] = $i,kT, [Gi,E] = Pi, 

[Ji tj ,P k ] = 8 jlk Pi - 6i, k Pj, [F h P k ] = -6i, k T, [Fi, E] = Q t , (27) 

[R, E] = 2T. 

The above relations are the algebra for I%a{n). T is a central generator as it 
commutes with all the generators. Classically, all observers related by the inhomo- 
geneous Hamilton group have an invariant definition of time. The central extension 
QHa(n) requires the additional nonzero commutation relations 

[Pi,Q k ] = hS itk I, [E,T] = -hI, [Gi,P k ] = S iik M, [Fi,Q k ] = 6 i>k A. 

(28) 

/, M, A are central generators as they commute with all the other generators. T is 
no longer central due to the nonzero [E, T] commutation relation. 

3.2. Subgroups of QHa(n). 

3.2.1. Weyl-Heisenberg. The quantum Hamilton group has several Weyl-Heisenberg 
subgroups. One subgroup is H(n+1) that has an algebra spanned by {Pi, Qi,E, T, I}. 
The hermitian representation of the algebra corresponding to the unitary represen- 
tations of this group, as we will see in Section 4, are the usual Heisenberg commu- 
tation relations for position-time and energy-momentum. 

Another Weyl-Heisenberg H(n) subgroup is the subgroup that is generated by 
{Fi,d, R}. Furthermore, there are two Weyl-Heisenberg subgroup with an algebra 
generated by {Gi,Pi,M} and {Fi,Qi,A} respectively. Finally, there are the two 
additional Weyl-Heisenberg subalgebras generated by {Gi,Q k ,T} and {Fi, Pi,T}. 
(Note that {/, M, A} are central generators of the algebra of the full QHa(n) group 
whereas T and R are not.) 
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3.2.2. Hamilton. The cover of the Hamilton group Ha{n) is a subgroup of QHa{n) 
with an algebra with the general element 

Z = efjJij + v l G, + fFi + rR. (29) 

It may be written as a semidirect product in either of the forms 

Ua(n) ~~SO(n)® s H(n) ~ £ (n) ® s A{n + 1) , £(n) ~~SO{n)® s A{n). (30) 

The cover of the special orthogonal group SO(n) has generators {Jij}- In 
the first semidirect product form, the Weyl-Heisenberg subgroup has generators 
{Gi, Fi, R} noted in the previous section. Alternatively, the Weyl-Heisenberg group 
may be expanded as the semidirect product of abelian groups given in (16). There 
are two choices for its normal subgroup A{n + 1). The first case, the A(n + 1) 
subgroup has an algebra spanned by {Fi,R} and the second case it is spanned 
by {Gi,R}. The corresponding generators for the homogenous group £(n) are 
{Jij,Gi} for the first case and {Ji,j,Fi} for the second. 

3.2.3. Galilei. The cover of the Galilei group may be written in several different 
semidirect product forms 

l£{n) ~ Qa{n) ~ £{n) ® s A(n + 2) 

~ (A(l)®SO(n))® s H(n) ~ A(l) ® s lU(n) (31) 
- SO(n) ® s A(l) ® s H(n). 

The last form is the Levi decomposition where the simply connected semisimple ho- 
mogeneous group is /C ~<S0(n) and the simply connected solvable normal subgroup 

isAf ~ A(l)® s H(n). ' 

There are two distinct Qa(n) groups that are subgroups of QHa(n) with general 
elements given by 

QHa(n) has two distinct Galilei group subgroups Qa(n). General elements of 
their respective Lie algebras take the form 

Z 1 = a^Jij + v l G t + - (q l P l + tE) + sM. (32) 

Z 2 = cfjJij + fFi + 1 (p*Q 4 + tE) + uA. (33) 

Elements of the form Z\ generate the the usual physical Galilei group. For this 
subgroup, written as the semidirect product £ (n) ® s A(n + 2), the subgroup £{n) 
has generators {Jij,Gi} and the A(n + 2) has generators {Pi, E, M}. Written as 
the semidirect product (.4(1) ®SO(n)) ® s H(n), the subgroup A(l) ®SO(n) has 
generators {E, Jij} and the T-L(n) has generators {d,Pi, M}. 

Alternatively, elements of the form Z 2 general a different Galilei subgroup Qa (n). 
Again, this group may be written as the semidirect product £(n) ® s A(n + 2), 
where the £ (n) has generators {Ji,j,Fi} and the ^4(n + 2) has generators {Q i7 T, A}. 
Written as the semidirect product (.4(1) ®SO(n)) ® s H(ri), the A(l)®SO(n) has 
generators {E, Jij} and the T-L(n) has generators {Fi, Qi, A}. 

3.3. Casimir invariants. Any element in the center z(g) of the enveloping algebra 
e(g) is invariant of the algebra g. The Casimir invariants form a basis in the sense 
that any element of the center z(g) may be written as a polynomial of the basis 
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elements. The number of N c Casimir invariants of QHa(n) and of its Galilei and 
Hamilton subgroups is given in the following tableful 





1 


2 


3 


4 




n 


H(n) 


1 


1 


1 


1 




1 


Ha(n) 


1 


2 


2 


3 


n 
2 


+ 1 


Qa(n) 


2 


2 


3 


3 


n 

. 2 . 


+ 2 


QHa(n) 


4 


4 


5 


5 


n 

. 2 . 


+ 4 



The Casimir invariants of QHa(i) have been determined to be |16].[17] 
C\ = I, C% = M, C3 = A, C4 = T 2 — IR, C5 = BijBij, 
The Bij are defined, using the auxiliary invariant C as 



B 



>:l 



CJij + D itj , C = -AM + T 2 — IR. 



The Dij are given by 



= ADl d + MD^ + RDf d + IDf d + T (D^ + !)',[,) , 



where 



Gj Pi G{ Pj , 



D 3 

ho 



I'.Q, - I '/I Dl 



p. p. _ p.p. 
1 3 3 1 ' 



FjQi — FiQj, Di.j = F%Gj — FjGi, D^. = GiQj — GjQi 



(34) 
(35) 
(36) 

(37) 



The Casimir invariant of %(n) is the central element /. The Casimir invariants of 
%a(3) subgroup are 



C\ = R, C2 = BijBij, Bij = RJij + FjGi — FiGj 
The Casimir invariants of the two Qa(3) subgroups are 



Ci = M 
C 3 



C 2 
Bi 



2ME-P 2 , 



GjPi + GjPi. 



and 



C\= A 

C 3 



C 2 = 2AE - Q 2 



B, 



AJ itj - FjQi + F^ 



(38) 



(39) 



(40) 



3.4. Homomorphisms. The groups homomorphic to QHa(n) also appear in the 
representation theory as degenerate representations due to Theorem 3. The homo- 
morphisms are characterized by the normal subgroups of the group that are the 
kernels of the homomorphisms. Appendix C summarizes the homomorphic groups 
for the Weyl-Heisenberg, Hamilton, Galilei and the quantum mechanical Hamilton 
groups. 



The cover of these groups, Ha(n), Qa(n) and Q'Ha(n) have the same algebra and therefore 
the same Casimir invariants. 
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4. Projective representations of the inhomogeneous Hamilton group 

The Mackey theorems may be used to compute the unitary irreducible repre- 
sentations of the central extension of the inhomogeneous Hamilton group that are 
required by quantum mechanics. We will need the unitary irreducible represen- 
tations of the Weyl-Heisenberg and Hamilton group in this calculation and we 
therefore review these first. 

A unitary representation g : Q — > 17(H) : g <-* g(g) satisfies the unitary 
condition g(g) 1 = g(g) ■ For a simply connected group, the group elements 
are g = e x . The representation is g(g) = e e '( x ) and the unitary condition re- 
quires q'(X) = —q'(X) and therefore the representation of the algebra is anti- 
hermitian. The standard physics convention is to use hermitian operators by defin- 
ing X i — * — iX so that g'(X) = g^X)^ . This requires an i to also be inserted in the 
algebra commutation relations. That is, if [X^X/] = cfjXk then the hermitian 

representation JQ = g'(Xi) satisfies the commutation relations 



\Xi,X 



ic k u X k . (41) 



4.1. Unitary irreducible representations of the Weyl-Heisenberg group. 

The unitary representations of the Weyl-Heisenberg group 

H(n) =! A(n) ® s A(n + 1), (42) 

may be determined using the abelian Mackey Theorem 8 [T5] , [TH] • The Weyl- 
Heisenberg group product and inverse for elements T(a, b, i) is the special case (23) 
of (20), 

T(o', V, t')T(a, b, i) = T(a' + a, b', +b, t' + i + § (a' • b - b' ■ a)), , 
T" 1 (o,6,t) = T(-o 1 -6,-0. " 1 ' 

The inner automorphisms are 

^T(a' : b', t ') T ( a ; b > b ) = T K b,L + a' ■ b - b' ■ a). (44) 

Elements of the normal subgroup A(n + 1) may be taken to be either T(a, 0, i) or 
T(0, b, l). The corresponding elements of the homogeneous group A(n) are T(0, b, 0) 
or T(a, 0, 0). A general element of the Weyl-Heisenberg group may be written as 

T(a, b, l) = T(a, 0, l - -a ■ 6)T(0, b, 0) = T(0, b,t+-a- b)T(a, 0, 0). (45) 
Noting that 

C+ : H(n) -> H(n) : T(a, b, l) T(a, b,L±^a- b), (46) 

is a group isomorphism, it may be straightforwardly shown that either choice of 
the normal subgroup elements in the expressions in (45) satisfy the properties to 
be the semidirect product (42). 

4.1.1. Mackey abelian semidirect product theorem. The Mackey Theorem 8 may 
now be applied. We choose the normal subgroup with elements T(a, 0, l) g A(n+1). 
The unitary irreducible representations £ of the abelian normal subgroup are the 
phases acting on the Hilbert space H^ = C 

^T(aA^M) = e l{a '^ +J) \^ = e< a - a+ ^\^, \^)eC. (47) 
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The hermitian representation of the algebra has the eigenvalues that are given by 

Ai \4>) = S'(Ai) \4>) = a t \<f>}, I\4>} = £'(/) \4>) = X \<t>}, (48) 

where a e R™ and Ae t. The characters t; a .\ are parameterized by the eigenvalues 
a, X and the equivalence classes that are elements of the unitary dual, [£ a ,A] £ 
U^n+i) ~ R™ +1 . Each equivalence class has the single element [£ q ,a] = £a.A- 

The action of the elements T(0, 6, 0) e A{n) of the homogeneous group on these 
representations is given by the dual automorphisms 

(?t(o,6.o)&*,a) (T(a,0,t)) \<f) = ^ Q ,A(<TT(o,6.o) T (a ; 0, l))\4>) 

= £ Q , A (T(a,(M-a ■&))!</>> 

= e i(a-(a-Xb) + i\) |^ l 4y J 
= €a-A6,A(T(o,0,0)|^>. 

Therefore, the little group is the set of T(0, b, 0) e K° that satisfy the fixed point 
equation (14), 

?T(0,6,0)£a,A = ia-\b,\ = £a,A- (50) 

The solution of the fixed point condition requires that a — Xb = a. The A = 
solution for which the little group is A(n) is the degenerate case corresponding 
to the homomorphism H(n) — > A{2n) with kernel ^(1) (See Appendix C, (123)). 
This is just the abelian group that is not considered further here. The faithful 
representation with A # requires 6 = 0, and therefore has the trivial little group 
JC° ~ e ~ {T(0, 0, 0)}. The stabilizer is Q° ~ A(n + 1). The orbits are 

0>A = {?r(o,6,o)Ka,A]|6eR n } = {&,A|6eR n }, AeR\{0}. (51) 

All representations in the orbit are equivalent for the determination of the semidi- 
rect product unitary irreducible representations. A convenient representative of the 
equivalence class is £ .a- The unitary representations a of the trivial little group 
are trivial and therefore the representations of the stabilizer are just g° = £o,A- The 
Hilbert space H a is also trivial and therefore the Hilbert space of the stabilizer is 
H e ° = H CT ®H C ~ C. 

4.1.2. Mackey induction. The final step is to apply the Mackey induction theorem 
to determine the faithful unitary irreducible representations of the full TL(n) group. 
The induction requires the definition of the symmetric space 

K = Q/g° = H(n)/A(n + 1) ~ A(n) ~ R™, (52) 

with the natural projection n and a section 

7r : H(n) — > K : T(a, b, t) ^> k^, , . 

9 : K^n(n) : k h ^ 6(k fc ) = T(0,6,0). [ ' 

These satisfy 7r(6(a(,)) = &b and so 7r o 9 = Mk as required. Using (2), an element 
of the Weyl-Heisenberg group T-L(n) can be written as, 

T(a, b, l) = T(0, b, 0)T(a, 0, i + -a ■ b). (54) 

The cosets are therefore defined by 

k 6 = {T(0,6,0)T(a,0,t+ia-6)|aeR",te]R} . . 

= {T(0,6,0)^(n + 1)} ' (bb) 
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Note that 

T(a,b,i)k x = k x+b , xeR n . (56) 

The Mackey induced representation theorem can now be applied straightforwardly. 
First, the Hilbert space is 

H e = L 2 (K,H e °) ~ L 2 (R n ,C). (57) 

Next the Mackey induction Theorem 7 yields 

<//(k x ) = (g(T(a, b, t))i/j) (r(a, b, t)" 1 !^) = g°(T(a°, 0, t°))^(k x ^) (58) 

Using the Weyl-Heisenberg group product (2), 

T(o°, 6°, l°) = 9(k :c )- 1 T(a, b, 06(T(o, b, i) -1 ^) 

= T(0, -x, 0)T(a, 6, i)T(0, x-b,0) (59) 
= T(o, 0, i + a • (x — ^&)). 

We lighten notation using the isomorphism k^ i— > x. The induced representation 
theorem then yields 

^'(z) = £o,A(T(a,0, t + a: • a - fa ■ b)ip(x — b) , . 

Using Taylor expansion, we can write 

ip(x — b)=e~ ~e^ip(x). (61) 
The Baker Campbell-Hausdorff formula [20 J enables us to combine the exponentials 

tf(x) = e l ( XL+Xa ' x ^ +b ' l A)^(x) = e i ( aiAi+b>8i+LT )^(x). (62) 
The representation of the algebra is therefore 

Iip(x) = Xip(x), Aiip(x) = \xiip(x), Biip(x) = i—-ip(x), (63) 

C72T 

that satisfies the commutation relations, [Bi, Aj] = iSijI. This analysis can also be 
carried out choosing T(0, b, i) e A(n + 1) to be the elements of the normal subgroup 
and this yields the representation with Bi diagonal. 

4.2. Unitary irreducible representations of the Hamilton group. Again, 
from Theorem 2, the projective representations of the Hamilton group are equivalent 
to unitary representations of its cover. The Hamilton group does not admit an 
algebraic extension and therefore the central extension of the Hamilton group is 
its cover, "Ha(n) ~ Wa{ri). The cover of the Hamilton group may be written as a 
semidirect product group in the different forms given in (12). 

The Mackey theorems may be used to compute the unitary irreducible represen- 
tations using any of these semi-direct product forms. We use here the form with 
the nonabelian Weyl-Heisenberg group T~L(n) as the normal subgroup. The reader 
can verify that the Mackey theorem applied to the form with the abelian normal 
subgroup A(n + 1) gives the same result. 

For simplicity of exposition, we give the computation for the representations of 
T-La{n). Appendix D shows how the representation of its cover 'Ha(n) is computed 
from these results. 
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4.2.1. Unitary representations of the Weyl-Heisenberg normal subgroup. We can ap- 
ply the results of the previous section where we determined the unitary irreducible 
representations of the Weyl-Heisenberg group. In this section, the elements are 
T(v,f,r) e H(n) and the general element of the algebra is given in (29). Choos- 
ing T(v,0, r) to be the elements of the normal subgroup A(n + 1) of H(n), the 
representations from (60) are 

<p'(x) = (e(T(«, /, r) V) (x) = e i<r-y-v) + i K v X(f{x _ /); (64) 

where f,v,x e R™,r, n e R, n # with ^eH^ ~ L 2 (R n , C). The hermitian repre- 
sentation of the basis {Fi,Gi, R} of the Weyl-Heisenberg algebra are 

R = ?{R)=k, G i =S'(G i )=KXi, F i =i'{F i ) = (65) 

Similar expressions result with the choice of elements T(0, /, r) of the normal sub- 
group for which Fi is diagonal. 

4.2.2. The p representation. The next step is to determine the stabilizer Q° and 
the representation p. It acts on the Hilbert space and therefore the hermitian 
representations p' of the algebra of the little group must be realized in the enveloping 
algebra of the Weyl-Heisenberg group. The hermitian p' representation of the basis 
of the algebra of the Weyl-Heisenberg group are given by (65) as p\u(n) = £• 
Define the hermitian p' representation generators as 

ko = p'(Ji,i) = \ (FiGj - FjGi) ■ (66) 

The commutation relations for the generators in the p' representation are directly 
computed using (65) to be the commutation relations for the Hamilton algebra 
given by (26) with the i inserted for the hermitian representation as noted in (41). 

This is a p' representation of the entire algebra of the Hamilton group and 
therefore the stabilizer is the Hamilton group itself. Using (22), the group action 
is given by 

p(R{0))<p(x) = e- ek ' ,{xk ^r- x ^ ] ^( x ) = ip (R- 1 (9)x). (67) 

Using the semidirect group property (24), K(R, v, /, r) = T(v, /, r)R, where T(w, /, r) ~ 
K(l,w,/, r) and R ~ K(R, 0,0,0) and putting it together with (20), the full p rep- 
resentation is 

tf{x) = (C(T(«, /, r))p(R)<p) (x) = e^-^-f+^^R^x - /). (68) 

As the stabilizer is the full Hamilton group (and the little group is K = SO(n)), 
the Mackey theorem (Theorem 7) applies without requiring use of the induced 
representation Theorem 6. 

4.2.3. Nondegenerate unitary irreducible representations. The faithful unitary irre- 
ducible representations of the Hamilton group from the application of the Mackey 
theorem (Theorem 7) is 

<?(K(R, v, /, r)) = a(R) ® p(K(R, v, f,r))= a(R) ® ^ (T(w, /, r))p(R). (69) 

As the stabilizer is the group itself, induction is not required. The cr(R) are the ordi- 
nary unitary irreducible representations of SO(n) that act on a finite dimensional 
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Hilbert space H CT ~ V^. Therefore, the full representation acts on the Hilbert 
space 

H e =H CT ®H ? = V w ®i 2 (R",C). (70) 

The full nondegenerate Hamilton representations are the direct product given in 
(27). 

<f/(x) = (g(K(R,vJ,r))<p)(x) . . 

= (a(R)®/;(r(v,f,r))p(R)<p)(x). ^ 

In particular, for n = 3, SO(3) = SU(2) with N = 2j + l and the a representation 
is given in terms of the well known D J (R(0)) representation matrices. For notation 
reasons, we set x = f as it is clear that it has the meaning of force with k having 
the dimensions of the reciprocal of power, 

f'mif) =D j (R)~e i ^ r -^ + ^i Pm (R- 1 f-f) ■ (72) 

The above representations use the choice of the normal subgroup of A(n + 1) of 
the Weyl-Heisenberg subgroup W(n) that is generated by {Gi, R}. These generators 
are diagonal in the resulting representations (65) and (72). We could equally well 
have chosen the normal subgroup to be generated by {Fi,R} resulting in similar 
representations with these generators diagonal 

$> m ,{v) =Di(R)2,e l < r+ ^ f+f -*)$ m (R- 1 v-v) . (73) 

The degenerate cases corresponding to the homomorphisms in Appendix C (123) 
may be similarly computed. 

4.2.4. Casimir invariants. The Casimir invariants for the case n = 3 are given in 
(20). A direct computation shows that p'(C*2) = 0. Therefore, 

q'{C x ) = P '(d) = p'{R) = k, g'(C 2 ) = p'(Rfa'(J 2 ) = K 2 j(j + 1), (74) 

where k e R\{0}, and j is half integral. The label the faithful irreducible 

representations. Similar considerations apply for the degenerate cases. 

4.3. Unitary irreducible representations of the Galilei group. The projec- 
tive representations of the inhomogeneous Euclidean group are equivalent to the 
unitary representations of the cover of the Galilei group. The Galilei group may be 
written as a semidirect product in several different forms (31). Any of these forms 
may be used in the Mackey theorems to determine the unitary irreducible repre- 
sentations. The Mackey theorems for the form with the abelian normal subgroup 
A{n + 1) has been studied in reference |8|. We choose here to use the form where 
J\f ~ H(n) is the normal subgroup and the homogeneous group is /C ~ A(l)®SO(n). 
A general element of the Galilei group is 

T(R,t,v,q,s) ~T(v,q,s)A(t)R (75) 

where T(v,q,s) e H(n), A(t) e A(l) and R e SO(n). The general element of the 
algebra is given in (32). Note that while the T are again elements of the Weyl- 
Heisenberg group, in this case they are parameterized by position, velocity and the 
the parameter of the central generator that is mass. 

Again, the faithful unitary irreducible representation of elements T(v,q,s) 6 
H(n) are 

<p'{p) = (£(T(«, «?,*))¥>) (u) = e *(/*(-*«-»>+*-iO v ,(p- /w ,), (76) 
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where q,p,v e R n , s,fi e K, fi # and <^eH^ ~ £ 2 (R™,C). The isomorphism 
(46) enables us to re-parameterize s — \q ■ v i— > s. The are the eigenvalues of 
the hermitian representation of the central element M of the basis {Gi, Pi, M} 
of the Weyl-Heisenberg algebra. The ^'representation of these generators, with 
momentum diagonal, are 

M = i'{M) = ^ P i =?(P i )=p i , G l =i'{G l )=ip— i . (77) 

4.3.1. The p representation. The next step is to determine the stabilizer Q° and 
the representation p. It acts on the Hilbert space and therefore the hermitian 
representations p 1 of the little group must by realized in the enveloping algebra 
of the Weyl-Heisenberg group |19] . The p' representation restricted to the normal 
subgroup are the £' representation given in (77), p|^( n ) = £■ The generators of the 
homogeneous group in the p' representation with momentum diagonal are 

JiJ = p'iAi) = £ (PA - PA) , E = p\E) = i-P 2 . (78) 
These satisfy the commutation relations 

Ji,j, Jk,l = i(Jj,kSi,l + Ji,l8j,k — Ji,k5j,l — Jj,l<>i,k), 

Ji, 3 ,Gk = i(Gj5i,k - GiSj,k), Jij,Pk = i(PiSj,k — Pj5i,k), (79) 



Gi,E]=iPi, [Gi,h]=iM6i, k . 



These are the commutation relations for the Galilei subgroup given by (26-28) 
for the generators {Ji.j,Gi, Pi, E, M} with the i inserted for the hermitian repre- 
sentation as noted in (41). 

4.3.2. Nondegenerate unitary irreducible representations. The properties of the semidi- 
rect product enable us to write the p representation as 

p(T(R, t, v, q, s) = ((T(v, q, s))p(A(t))p(R). (80) 

The a representations of A(t) e .4(1) are simply a(A(t)) = e^ tCT ( E > = e^ te with 
t, e e M. We can then put everything together, as in the Hamilton group case, to 
obtain the faithful unitary irreducible representations 

V'ip) =(g(T(R,t,v,q,s))cp)(p) 

= KR)a(A(t)) ® £(T(v, q, s))p(A(t))p(R)<p) (p) ( 8 1) 
= o-(R)e^ u ® e^ s+q - p+ ^ tp2 )^{R- 1: p - /*»). 

In this expression, v,q,p e R" and s, fi e M, p # and ip e Y N ®L 2 (R n ,C). 
Again, for n = 3, N = 2j + 1 and the a representation is given in terms of the usual 
D matrices, 

cp' m (p) = D>(R)™eU^-P+<^P 2 ))^ m{ R-ip-p V ). (82) 

This is the same as the well known results for the Galilei group determined from 
the abelian Mackey theorem (Theorem 8) using the semidirect product form in (31) 
with A(n + 2) as the normal subgroup [8]. 

Appendix D shows how the representation of its cover Qa(n) is computed from 
these results. The degenerate cases in Appendix C (123) may similarly be computed 
using these methods. 
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4.3.3. Casimir invariants. The Casimir invariants of the Galilei group for n = 3 are 
given in (21). A straightforward calculation shows that p'iCz) = and p'{Cz) = 0. 
Therefore, 

gf(Ci) = p'(M) = M , 

g'(C 2 ) = 2h<j'(E) = 2pe, (83) 
g'(C 3 ) = p 2 a'(J 2 ) = M 2 j(j + 1). 

where /x, e e R, p, # and j half integral. The faithful irreducible representations 
of the Galilei group are labeled by the eigenvalues (p, e, j). Similar considerations 
apply to the degenerate cases. 

4.4. Projective representations of the inhomogeneous Hamilton group. 

The projective representations of the inhomogeneous Hamilton group 2/Ha(n) are 
the unitary representations of its central extension I%a{n) ~ QHa(n) that was 
given in Section 3. We undertake the calculation for QHa(n) and then show in 
Appendix D how the result for the cover follows. The unitary irreducible represen- 
tations obtained using the Mackey Theorem 7 consist of the nondegenerate faithful 
representations and the rich set of degenerate representations that correspond to 
faithful representations of the homomorphisms of the group given in Appendix C 
(123). We focus here on the faithful representations and leave the degenerate cases 
as an exercise for the reader using the same methods. 

4.4.1. The unitary irreducible representations of the normal subgroup. The normal 
subgroup of QHa(n) in the semidirect product (19) is M ~ 7-L(n + 1) ®A(2). Its 
elements are the product of Y(q,p, t, e, l) e H(n + 1), where q,p e R™, t,e, 1 e R, 
and A(s,u) e .4(2), with s, u e R. The faithful unitary irreducible representa- 
tions of the normal subgroup are just the direct product of the unitary irreducible 
representations of H(n + 1) and A(2) 

V =t(Y{q,p,t,e,L))l{k{s,u))^ 

ib is an element of the Hilbert space H« ~ X 2 (R n ,C) and we denote the hermitian 
representation of the generators with tilde, Z = £'(Z). The generators {M, A, 1} 
are central and therefore their hermitian representation is always diagonal. 

1 = A, M = n, A = a. (85) 

Any commuting subset of the hermitian representation of the generators {Qi, T, Pi, E} 
may be simultaneously diagonalized. Four canonical sets are {Pi,T}, {Qi,T}, 
{Pi,E}, and {Qi,E}. For example, if we diagonalize {Pi,T} the generators are 
realized in the momentum-time representation,^^, t) = (p,t\ipy, as 

P l =p l , f = At, = -iXh—, E = ih-~ (86) 

dpi dt 

These satisfy the Heisenberg commutation relations 

[P t ,Q t ] = ihI5 i}j , [f , = ihl (87) 
The Weyl-Heisenberg group representation in this basis is 

ib'(p,t) =|'(T(g,p,t,e,0)|'(A(s,«))v) (p,t) 
= e M tb(p-p,t-t) , 
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where 



■d = ( sp + ua + \l + ^ (q -p-et- ^ (q ■ p - et) ) (8!) ) 



with p, A e K\{0} and t e R, p e WL n . The physical Heisenberg commutation 
relations require A = 1 and we therefore set A = 1 going forward. 

4.4.2. The p representations. The next step is to determine the representation p 
and the stabilizer Q° on which it acts as defined in Theorem 7. (The tilde is to 
distinguish this p representation from the p representation of the Hamilton subgroup 
that we have already determined which will also be required in this calculation.) 
The algebra of Ha(n) may be realized in the enveloping algebra of the algebra of 
H(n + 1) (x) .4(2). (In this section, the tilde on a generator of the algebra denotes 
the p' representation, Z = p'(Z).) Note that p'\j\f = 

Ji,i = JK ( p A -JiQj) ■ R = £ k (? 2 +ma), 
Gi = jK (? p i ~ M Qi) > ft = TK (TQi + APi) , 

The commutation relations for the generators in the ft representation may be 
directly computed and shown to satisfy the algebra (26-28) of QHa(n) with the i 
inserted for the hermitian representation as explained in (41). 

As all of the generators of QHa(n) are realized in this p' representation, the 
stabilizer Q° is the entire group QHa(n) and the little group is Ha(n). Using the 
properties of the semidirect product (22), the p representation may be written as 

p(r(R, v, /, r, q, t,p, e, i, s, u)) = £(T(g, t,p, e, o))£(A(s, u))p(T(v, /, r))p(R). 

(91) 

In the momentum-time representation, the { Jj j, Gi, Fi,R} generators are (with 
A = l) 

G t = \ (tpi + ih,,^-) , Fi = \ (aft - iht^) . 
The p representation of the SO(n) subgroup with elements R is 

V'(ft t) = (p(R)V) (ft t) = e ieiJJ -^(p, t) = ^(R^ft i). (93) 

For the p representation of the Weyl- Heisenberg subgroup with elements T(v, f,r), 
first note that a general element of this algebra is 

Z =rR + v i G i +f i F i 

= \ (r(P + pa) + (vH + fa) ft + (pV - tf) (%|)) • ^ 

Therefore, 

V'(fti) =(p(T(v,f,rm(p,t) 

= e .(»'G,+fF, + rfl)^~(j ( 95 ) 

= e M 'iP(p-pv+tf,t) 

where 



0' = \ (r(P + ap-^(pv- tf) ■ (vt + af)) + (vt + af) ■ $j . 



(96) 
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Putting together these equations with (88) gives the full nondegenerate p represen- 
tation of the group in the momentum-time diagonal basis 

tl>'(P, t) = (p(r(R, v, /, r, q, t,p, e, t, s, u))tp) (p, t) . 
= e^+^^R^p-pv + tf-p, t- t). 1 ' 

A similar calculation shows that in a position time basis, this results in 

i>'(Q, t) = (p(r(R, v, /, r, q, t,p, e, i, s, u))tp) (q, t) 
= e^+^^R-'q + af + tv-q, t- t) 
where in this expression 

d = sp + ua + i + \ (p ■ q - et + \ (q ■ p - et)) , 

& = i ( r (p + a[l + i ( MU _ tf) ■ (vt + af ))+(pv- tf) ■ q) . 

4.4.3. Nondegenerate unitary irreducible representations. As the stabilizer is the 
entire group Q° ~ QHa(n), the Mackey induced representation theorem (Theorem 
6) is not required and the unitary irreducible representations are given by 

g(T) = 3?(K) ® p(T) = a(R) ® p(K) ® p(T), (100) 

with R e SO(n), K e JC° ~ Ha(n) and T e QHa{n). The 5 representations are 
the unitary irreducible representations of the Hamilton group that are referred to 
as the g representations in (72), cr(K) ~ cr(R) ®p(K). The p representations are 
given above in (97). 

Putting it all together, for n = 3 the nondegenerate unitary irreducible repre- 
sentation of QHa(3) in a basis with {Gi,Pi,T} diagonal is 

^k/^'*) = e ^'" D3 ^ ^ m , R -i/_ / (R- 1 p-^ + /*-p,*-t) , (ioi) 

where we have set A = 1 and the phase is 

tf'" + + §\ = K (r - l v . f + v . /). 

■d" is the phase of the p representation of the Hamilton subgroup that is given in 
(72). 

One could also choose to have {Fi, Pi, T} to be diagonal. Using (73), the position- 
time wave functions are 

ft m ,*(q,?)=e i9m D i (R)~ ^R-iv-viR-'q-vt-af-qj-t). (102) 

where we have set A = 1 the phase is (73) 

+ + §" 7 r = K (r + l v . f + f . v). 

Other combinations of generators that can be simultaneously diagonalized include 
{Gi,Qi,T} and {Fi,Qi,T}. Their representations follow from (98) together with 
(72) and (73). The Hilbert space for all of these representations is 

H e =V 2j ' +1 ®i 2 (R",C)®i 2 (R" +1 ,C). (103) 

The corresponding representation of the Lie algebra is 

g'({Gi,Fi,R}) = {Gi+GuFi+FuR + B.}, (i 4) 
g'({Qi,Pi,T,E,I,M,A}) = P h f, E,I,M, 1} . 
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Appendix D shows how the representation of the cover QHa(n) is computed 
from these results. 

AAA. Casimir invariants. The Casimir invariants are given in (16) for the case 
n = 3. A straightforward calculation shows that ^'(64) = and p'{C^) = 0. 
Combining this with the corresponding results for the Hamilton group that is the 
homogeneous group, the representations of these Casimirs are 

q'{Ci) = p'(I) = A, e '(C 2 ) = f?(M) = fi, p'(C 3 ) = p'(A) = a, 

g '(C 4 ) = p'(I)p'{R) - p'(MA) = k\- pa, (105) 

gi(C 5 ) = (ap- K \fj(j + l). 

Thus the (A, p,a, k, j) label the nondegenerate projective representations of the 
quantum mechanical Hamilton group for n = 3. Again, the physical Heisenberg 
commutation relations correspond to the irreducible representation with A = 1 

5. Discussion 

This paper started with the observation that a most basic feature of quantum 
mechanics is that physical states are rays that are equivalence classes of states 
in a Hilbert space defined up to a phase. A quote from Dirac later in his life 
exemplifies this. "So if one asks what is the main feature of quantum mechanics, I 
feel inclined now to say that it is not noncommutative algebra. It is the existence 
of probability amplitudes which underlie all atomic processes. Now a probability 
amplitude is related to experiment but only partially. The square of the modulus 
is something that we can observe. That is the probability which the experimental 
people get. But besides that there is a phase, a number of modulus unity which 
we can modify without affecting the square of the modulus. And this phase is all 
important because it is the source of all interference phenomena but its physical 
significance is obscure." [5] 

This physical requirement that the states in quantum mechanics are rays requires 
projective representations of symmetry groups in quantum mechanics rather than 
ordinary unitary representations. The projective representations have the remark- 
able property that a set of theorem that enables us to compute the representations 
for a general class of connected Lie groups. The projective representations of the 
groups discussed in the paper illustrate the power of these theorems and these 
methods can be directly applied to a other connected Lie groups|3 First, the cor- 
nerstone Theorem 1 states that a projective representation of a connected group 
is equivalent to a projective representation that is unitary and linear. Theorem 
2 state further that a projective representations are equivalent to the unitary rep- 
resentations of its central extension. Central extensions are simply connected and 
therefore Levi's Theorem 4 states that they are equivalent to a semidirect product 
of a semi-simple subgroup and a solvable normal subgroup. The unitary represen- 
tations of the semi-simple groups are generally known and the solvable group in 
the applications we encounter turn out to be semidirect products of abelian groups. 
We have shown how to compute the irreducible representations of the solvable 
Weyl-Heisenberg group, and the Qa(n), Ha(n) and <2"Ha(n) groups that have it as 
a normal subgroup, using the Mackey Theorems 6-8. 



These method's may also be applied to Lie groups that are not connected but in this case 
the central extension may not be unique and therefore they must be addressed on a case by case 
basis. 
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Furthermore, the form of the semidirect product is constrained by the auto- 
morphism Theorem 5. We expect any physical symmetry to leave invariant the 
Heisenberg commutation relations. That is, under a symmetry transformation on 
phase space must result in 

m itj = [P h Qi\ = g(g)[Pi, QM9)~ l = [P'h Q'j] , (106) 

with P'i = g(g)Pig(g)~ 1 and Q' \ = g(g)Qig(g)~ 1 where g is an element of the 
symmetry group Q. Similar considerations hold for the energy-time commuta- 
tion relations. This requires Q to be a subgroup of the automorphism group of 
the Weyl-Heisenberg group. Therefore, the maximal symmetry is VSp(2n + 2) ~ 
T> (x) ISp(2n + 2) as the central extension of this group is the Weyl-Heisenberg 
automorphism group. Furthermore, the projective representation of this maximal 
symmetry results in the Heisenberg commutation relations and the Hilbert space 
for these operators. 

These mathematical theorems immediately give us the result that the quan- 
tum mechanical phase leads directly to the noncommutative algebra of quantum 
mechanics as stated by Dirac in the quote at the beginning of this section. The 
symplectic homogenous group of T>Sp(2n) constrains the central extension of the 
abelian subgroup A(2n + 2) to be the Weyl-Heisenberg group and therefore partic- 
ular projective representations of this abelian group are the unitary representations 
of the Weyl-Heisenberg group. The physical meaning of the abelian group is trans- 
lations on extended phase space P ~ R 2n + 2 and the hermitian representation of the 
Lie algebra corresponding to the unitary representations of the Weyl-Heisenberg 
group are the Heisenberg commutation relations. 

Neither the Weyl-Heisenberg group nor the symplectic group have any concept 
of an invariant time line element. This is a world before any relativistic structure 
is present. There is no notion of null cones, past and future, or causality. 

The relativistic structures of invariant time and mass line elements may then be 
defined, 

dr 2 = dt 2 - \dq 2 , dfi 2 = \de 2 - dp 2 . (107) 
cr c 

These may be regarded as two degenerate line elements on the cotangent of 
extended phase space, T*P. This now differentiates key properties of time and 
energy from position and momentum. They introduce the concepts of null cones 
and the notions of past and future and causality. The invariance of these line 
elements requires the subgroup £(1,710 of Sp(2n + 2). The invariance of both of 
these line elements results in inertial states. This allows the phase space to be broken 
apart into space-time and energy-momentum space as this symmetry does not mix 
these degrees of freedom. As we have noted in the introduction, special relativistic 
quantum mechanics results from the projective representations of T£(l,n). 

However, not all physical states are inertial. This leads us to follow Born |2lJ,[22j 
and combine the invariants into a single nondegenerate invariant line element for 
time 

dr 2 = dt 2 - \dq 2 - -Jdp 2 + -J-i.de 2 . (108) 



'C(l, n) is the connected subgroup of 0(1, n) that is the full symmetry. 
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Requiring invariance of this line element results in the subgroup ti(l, n) of 
Sp(2n + 2). C(l,n) is the inertial subgroup of U(l,n). The constants {c, b, h) 
define the dimensional basis where b, that has dimensions of force, is a bound on 
the rate of change of momentum just as c is a bound on the rate of change of 
position. In this basis, gravitational coupling is defined by the dimensionless con- 
stant qg where G = olqc^ jb. As G and c are known, determining Qg or b defines 
the other. These effects are manifest only for forcesapproaching b, which if ao is 
anywhere near unity, is very large. 

A noninertial relativistic quantum theory results from the projective represen- 
tations of XU(l,n) with this definition of invariant time that includes inertial and 
noninertial states [23, 24. 25,[26l[27]. These are given by the unitary representations 
of its central extension Q(l, n) ~ W(l, n) (x) s H(n + 1). The hermitian algebra of the 
unitary representations of H(n + 1) are the Heisenberg commutation relations. 

The limits of the line elements for small forces relative to b and small velocity 
relative to c are 

dr 2 -» dr 2 -> dt 2 , (109) 

b— >oo c— >cc 

with corresponding Inonii-Wigner group contractions |28l |2"9"] 

IU(l,n) -> !Oa(l,n) -> TUa(l,n). (110) 

b— »oo c— »oo 

The group XOa(l, n) and its projective representations is studied in [29]. There 
exists a homomorphism of IOo(l, n) onto XC(1, n) and therefore the usual represen- 
tations of special relativistic quantum mechanics are a degenerate representation. 

In this paper, we are focussed on the full 6, c — > oo limit group IHa(l, n) that is 
the symmetry in the nonrelativistic regime [llj.[16j.[17j. The projective represen- 
tations are the unitary representations of its central extension QHa(n). 

The first summary observation is that the projective representations of IHa(l, n) 
contains precisely the unitary representations of a Weyl-Heisenberg subgroup for 
which its algebra is the physical Heisenberg commutation relations as is also the 
case for both the TM(1, n) and XOa(l, n) groups. Simply by considering projective 
representations of the symmetry XHa(n) on phase space, we obtain the noncommu- 
tative algebra of quantum mechanics. Again, just as stated by Dirac in the quote 
at the beginning of this section, the noncommutative structure arises because of 
the existence of the quantum phase. All of these symmetry have an abelian sub- 
group of translations on extended phase space that is parameterized by position, 
time, momentum and energy degrees of freedom and yet result in the expected 
wave functions that are functions of the eigenvalues of commuting subsets. That 
is we, obtain wave functions of the form ip(p,i) (101) and ip(q,t) (102), and not 
ip(q,p, e, t) as, for example, is given by Wigner [30J,[31J or Moyal [32J in their phase 
space formulations of quantum mechanics. The Fourier transform between position 
and momentum representations is just the unitary representation of the isomor- 
phism on the Weyl-Heisenberg group (46). 

The central extension also contains the central generator M that is mass. This 
generator appears in precisely the form required for the Galilei group to be the 
inertial subgroup. This central extension embodies energy, Mc 2 . The Galilei 
group Qa(n) is both a subgroup and a group homomorphic to QT~la(n) as given 
in Appendix C (123). A consequence of Theorem 3 is that the complete set of 
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unitary irreducible representations of Ql-ta(n) includes the faithful unitary irre- 
ducible representations of all of these homomorphic groups as degenerate repre- 
sentations. Therefore, the unitary irreducible representations of QT~La(n) include 
the usual unitary irreducible representations of Qa (n) corresponding to the inertial 
states. However, the quantum mechanical Hamilton representations are on a larger 
Hilbert space and include noninertial states not present in the representations of 
the Galilei group. 

The group Q'Ha(n) has a third central generator A that has physical dimensions 
of the reciprocal of tension. Studying the limits (110) carefully shows that it also 
embodies energy, Ab 2 just as mass embodies energy, Mc 2 . A is as fundamental 
to the physical interpretation of this mathematical theory as M and /. The latter 
two are clearly very fundamental and so if this symmetry has physical relevance, A 
must also be fundamental. This is a definitive test of the overall symmetry - either 
physical phenomena corresponding to the presence of A must be found to exist or 
an explanation of why its eigenvalue a is zero must be provided. At this point, we 
can only note that, as it embodies energy it will gravitate, and we know that we are 
missing a lot of gravitational "mass" and "energy" in the current standard theory 
that we refer to as dark. 

The expression (101) for the unitary irreducible representations of QHa(n) may 
be written as 

= ^'"^^ ^m,f(P^ (HI) 

where 

p> = R(p> + flv - ft+ p),V = t + t, f = R(f + /). (112) 

These transformations of momentum and time are of the expected form if force 
is constant. This is because the symmetry is global in the treatment that we have 
provided. However, in general, we expect these transformations to be local 
That is, 

dp 1 = R(dp^ +v(p,q,t)dn - f(p,q,t)dt + dp). (113) 

This will require the symmetry group to be gauged so that it is local before 
attempting a full physical interpretation. This will be the topic of a subsequent 
paper. 
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Appendix A. Projective representations and central extensions 

This appendix shows how Theorem 2 results in the understanding of projective 
representations as a unitary representation up to a phase. Consider a simply con- 
nected group Q with central extension Q where the central extension includes a 
nontrivial algebraic central extension. The algebra of Q is spanned by the gener- 
ators {X a ^A a } where the A a are central, [X^Aq,] = and [Ap, A a ] =0. As Q is 
always simply connected, an element r 6 Q may be expressed as 

T(x,a) =e aaA « 1 (x) , 7 (x) = e^ x «, (114) 
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where x e W,a e M. m with n = r + m. The A(m) is the central subgroup of Q 
with an algebra spanned by A a . Using the Baker-Campbell-Hausdorff formula, the 
group product is, 

T'(x',a')T(x,a) = e ("'"+« a K e /3(*>f *»W*>) a ^* 

_ e (a' a +a" +a(x' .x)")A a ^^ x „^ ^ > 

where x" = /3(x', x). Furthermore, the terms that define (3 are precisely the Baker- 
Campbell-Hausdorff terms that result from the group product " ■ " of Q, 7(1") = 
7(2:') ■ 7(2;). Therefore, the group product may be written as 

rV, a')r(x, a) = e ( afa + aa+a l*'>*r) A <-' Y (x') ■ j{x). (116) 

In this sense, the elements 7(0;) with the multiplication ■ may be regarded to be 
elements of Q. Note that Q is not necessarily a subgroup of Q as the a depend on x 
and x' . The map a : G x Q ^ A(m) may be shown to be an element of the second 
cohomology group H 2 (Q , A(m)) . 

Theorem 1 states that every projective representation of any connected Lie group 
is equivalent to a projective representation that is unitary and therefore, up to an 
equivalence, we need only consider unitary representations. The unitary represen- 
tations of elements T(x,a) of Q may be written as g(T) = g('j(x)) e lav with 
v e R m . The unitary representation of the abelian central subgroup A(m) is the 
phase e la ' u . The unitary representations of this group product is 

e(r')e(r) = e^' +a+a ^^ g (j'(x')) ■ g ( 7 (x)). (in) 

This is a projective representation defined as a unitary representations of Q up to 
a continuous phase defined by the continuous central group A(m). Conversely, 
given an expression of the form (119) where the elements a(x' 1 x) are elements of 
the second cohomology group, then this is the unitary representation of a central 
extension (See section 2.7 of [4]. If Q is simply connected so that Q ~ Q, then this 
is the maximal set of phases that can be constructed. 

If Q is not simply connected, we must consider the topological central extension 
resulting from a nontrivial homotopy. As Q is simply connected, its homotopy 
group is trivial and any loop can be continuously deformed into the null loop. The 
kernel of the projection ir° : Q — » Q : 7 1— > 7 is the homotopy group kcr tt° ~ A <z Q 
that is a discrete central subgroup. The continuous curves 

7: [0,1] -> G, 7«(0) = e, 7a(l) = a, a e A, (118) 

project onto loops in Q. as 7r°(a) = e, that are representatives of the homotopy 
classes. If the there is a point t\ e [0, 1] such that 7(^1) = ai, then the projected 
loop winds twice, and if there are n-1 such points, 7(tj) = &i the projected loop 
winds n times. If we consider the case 7(f) = 7i(i)72(£)73(0 with 7i(0) = 
e, 7i(l) = 7», then this has the property that 71727s -1 = a projects onto a loop 
where tl^t^ 1 = e . Thus the product 7172 = 73 is associated with a homotopy 
class that in the covering group is just 

7i72 = a7 3 . (119) 

The unitary representation of (119) is 0(71)0(72) = 6^0(73) where e 1 ^ = g{&) 
are the discrete phases that are the unitary representations of the discrete center 
A. This again has the form of a unitary representation up to a phase and is the 
maximal set arising from a discrete central group. However, these phases due to 
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the homotopy cannot be realized locally in terms of the algebra. This is a nonlocal 
effect and it does not appear in the local expression for the representation up to a 
phase given in (117). 

As the full central extension has a maximal center Z ~ A®A(m), these are the 
maximal set of phases that can be so constructed. 

Appendix B. Matrix realization of QHa(n) 

The group QHa(n) is a matrix group with elements r(R, v, f, r, t, q,p, e, s, u, t) 
realized by the 2n + 6 dimensional matrices 



(120) 



where e = e — rt + q t Rf — p t Rv. 

There is no direct algorithm to find matrix groups. However, once the matrices 
realizing the group elements are found, it is straightforward to establish that they 
indeed are a matrix group. The above realization was inferred by first noting that 
Ua(n) ® s H(n + 1) c HSp{2n + 2) where 

HSp(2n + 2) ~ Sp(2n + 2) ® s U(n + 1). (121) 

HSp(2m) is known to be a matrix group with elements that are 2m + 2 dimensional 
matrices of the form 
A 

AeSp(2m), weR m , tel, (122) 
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where £ is a symplectic matrix. Furthermore, the matrix realization of the Galilei 
group has elements that are n + 3 dimensional matrices with the well known form 

/ R v q \ 

, ReSO(n), v,qeR n , t,seR. (123) 



1 t 
v*R v 2 /2 1 s 
\ 1 J 

These two facts enable us to deduce the above realization of QHa{n). It is 
straightforward to verify that matrix multiplication realizes the group product and 
inverse (20-21). Furthermore, the derivative at the identity yields a matrix realiza- 
tion of the algebra that satisfies the commutation relations (26-28). 

Appendix C. Homomorphic groups and degenerate representations 

The following is a table of the groups homomorphic to the Weyl-Heisenberg, 
Hamilton and Galilei groups. The generators of the homomorphic groups are the 
complement set of generators. That is, the union of the set of generators that are a 
basis of the normal subgroup and the set that is a basis of the homomorphic group 
is a basis for the full group. 
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Group 




Hnm Am nrnli i c 






Subgroup 


Group 


Normal Subgroup 


H(n) 


A(l) 


A(2n) 




Ua(n) 




SO(n) ® s A(2n) 


{R\ 




A(n + 1) 


SO(n) ® s A(n) 


{G U R} 




A(n + 1) 


SO{n) ® s A(n) 


{Fi,R} 




H(n) 


SO{n) 


{Gi, Fi, R} 


Qa(n) 


A(l) 


£{n) ® s A(n + 1) 


{M} 




A(n + 1) 


(SO(n)®A(l)) ® s A(n) 


{Pi,M} 




A(n + 2) 


£{n) 


{E,Pi,M} 




H(n) 


SO{n)®A{l) 


{G ll P ll M} 




A{l)® s H{n) 


SO{n) 


{E,Gi,Pi,M} 



In addition, there is a homomorphism SO{n) — » >SO(n) with a kernel that is 
the normal subgroup Z2. Therefore, for each of the entries above containing an 
SO (n), there is a corresponding homomorphic group with kernel Z2 that has an 
isomorphic Lie algebra. This defines a corresponding set of homomorphic groups 
that is the same as the above with the bars denoting the cover removed. These 
groups are not simply connected and their fundamental homotopy group is Z2. 
From Theorem 3, these appear as degenerate representations. 

The following is a table of the groups homomorphic to XHa(n) ~ QH(n) with 
a connected normal subgroup. 



Normal 


Homomorphic 


Generators of 


Subgroup 


Group 


Normal Subgroup 


-4(1) 


Ua(n) ® s H(n + 1) 


{A} AM} 


A(l) 


Ua\n) ® s A(2n + 2) 


{1} 


A(2) 


Ha\n) ® s H(n + 1) 


{A,M} 


A(2) 


Ha\n) ® s A(2n + 1) 


{A,I},{M,I} 


A(3) 


Ha\n) ® s A[2n) 


{I,A,M} 


A(n + 3) 


Ha(n) ® s A(n + 1) 


{P tl T,M,I} 


A[n + 3) 


Ha(n) ® s A(n + 1) 


{Q l ,T,A 1 I} 


%{n)®A{2) 


Qa(n) 


{Pi,Gi,R,T,M,I} 


%{n)®A{2) 


Qa(n) 


{Qi,Fi,R,T,A,I} 


A(n + 4) 


Ha(n) ® s A(n) 


{P,T,M,A 7 I} 


A(n + 4) 


Ha(n) ® s A(n) 


{Qi,T,A,M,I} 


H(n + 1) 


Ua(n) ® s A{2) 


{I,P ll Q l ,E,T} 


U(n + l)®A(2) 


Ha{ri) 


{I,Pi,Qi,E,T,A,M} 


U(n + l)®A(3) 


SO(n)®A(2n) 


{I,Pi,Qi,E,T,A, M, R} 


H(n + 1) ® A(n + 3) 


£{n) 


{I,Pi,Qi,E,T,A, M,Fi,R} 


H(n + 1) ® A(n + 3) 


£(n) 


{I,P u Qi,E,T,A, M, dR} 


H(n + l)®H(n)®A(2) 


SO{n) 


{I^uQuE^A^^^GiR} 



Again, there are also the homomorphisms resulting from SO(n) — > SO{n). Not- 
ing Theorem 3, this shows that the projective representations of the inhomogeneous 
Hamilton group has a rich set of degenerate representations. 
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Appendix D. Representations of the cover of the groups for n = 3 

The T-La(n), Qa(n) and QHa(n) all have a SO(n) subgroup appearing in the 
semidirect product. The full central extension requires the cover of these groups 
that have a corresponding SO{n) subgroup. The manner of obtaining these cases 
follows the method of determining the cover of the Euclidean group £(n). 

The terms of the form Rcc, with R e SO(n) realized by n dimensional real or- 
thogonal matrices and x e K n where x is one of v, f,p, q are actually automorphisms 
of the form 

I'd <••-: i : i U-''--;- (124) 

For n = 3, SO(3) = SU{2) with a 2:1 homomorphism tt : SU{2) -> 50(3) : R >-> 
R. Elements R e SU(2) are realized by 2 dimensional complex unitary matrices. 
The automorphism action on x is given by representing the x as the 2 dimensional 
hermitian matrices x = x l Ui where the Oi are the Pauli matrices. Then 

^r ( R,o,..o) r ( 1 ' -) = r (l, RSR \ -..)■ (125) 

Substituting RxR into the expressions where Rx appears and allowing the j 
labeling the matrices to take half integral values gives the representation for the 
cover of the groups. 
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